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Imperfection Behavior of Elastic Nonlinear Systems
Illustrated by a Three-Degree-of-Freedom Model

Wibisono Hartono* and Fumio Nishinof
University of Tokyo, Tokyo, 113, Japan

A simple three-degree-of-freedom spring model system is presented to study the instability behavior of perfect
and imperfect systems. The model has all known types of critical points: the stationary point and symmetric and
asymmetric bifurcation points. By changing three parameters of the model, the behavior of the system can be
altered and investigated. Numerical results are presented to demonstrate instability behavior of perfect and
imperfect elastic nonlinear systems. Major findings are 1) an equilibrium path may terminate at a point and
jump to another point even when geometric change is continuous; 2) the optimum solutions for the mode of
imperfection that gives the lowest carrying capacity may also terminate at a point and jump to another point
even when norms of imperfections are changed continuously; 3) an iterative process most likely diverges when
the aforementioned two conditions take place unless an initial guess solution closer to the jumped position is
used; 4) even for the same mode of imperfection, the load carrying capacities are not necessarily the same when
norms of initial imperfections approach zero, depending on the signs of the mode; and 5) when hidden critical
points are present, the structure is extremely sensitive to imperfection.
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Nomenclature
= unit eigenvector corresponding to /th eigenvalue
= loading pattern vector
= nondimensional equilibrium equation in jc/

direction
= spring constant
= projected length of linear spring of perfect model
= nondimensional initial length of /th linear spring
= nondimensional displaced length of /th linear

spring
= resisting force of /th spring
= //&L, nondimensional loading intensity, where/is

loading intensity
= nondimensional norm of imperfections
= displaced position
= initial position
= ratio between height and projected length of linear

spring of perfect model
= given positive nondimensional constant
= given nondimensional constant
= nondimensional displacement of /th spring
= /th eigenvalue of tangential stiffness matrix
= smallest eigenvalue of tangential stiffness matrix
= XI/L , nondimensional displaced position
= xf/L, nondimensional initial position
= quantities of perfect model
= quantities at first critical point
= quantities at critical points
= quantities at optimum first critical point

Introduction

T HE study of the effect of imperfection on the carrying
capacity of a structure was made on both distinct1'2 and

compound3-4 critical points. All of them tried to derive the
relation between the loading intensity and an imperfection
parameter that determines the imperfection sensitivity of a
system.
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All these previous works on the effect of imperfection dealt
with a given mode of imperfection. This given mode was either
arbitrary5'6 or a mode of the bifurcation paths at the first
critical point of the main equilibrium path.7 Nishino and
Hartono8 tried for the first time to consider the influence of
modes of other critical points on imperfection behavior. They
also employed an optimization process to obtain the mode of
initial imperfection that gives the lowest carrying capacity of
an imperfect system for a given norm of imperfections. The
corresponding mode of imperfection then was defined as the
critical mode of imperfection.

This paper presents a comprehensive study of the behavior
of perfect and imperfect elastic nonlinear systems by analyzing
numerically a simple three-degree-of-freedom model. The
model is capable of exhibiting more than one bifurcation path
and all known types of critical points: the stationary point and
symmetric and asymmetric bifurcation points. The model has
three parameters, the values of which determine the locations,
existence, and disappearance of bifurcation points and the
shape of its main and bifurcation paths.

This paper also presents a study to investigate the relation
between the shape of equilibrium paths of a perfect system
and the modes of imperfection to be used as an initial guess
solution to obtain the critical mode of imperfection. The aim
of this is to reduce the computational work of the optimiza-
tion by proper selection of an initial guess solution.

Fig. 1 Three-spring model.
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Description of the Model
The model consists of three springs connected at one node

in three-dimensional space. The perfect and imperfect shapes
of the model used in this study are shown in Fig. 1 together
with the right-handed Cartesian coordinate system with the
origin 0 at the connecting node of the springs of the perfect
model. The first two springs are identical linear springs that
are placed on a vertical plane in perfect configuration, form-
ing a symmetric triangle. The third spring is nonlinear and
placed perpendicular to the first two. The other ends of the
linear springs are fixed, while that of the third spring has a
roller support that is assumed to remain parallel to its original
position. These springs were selected so that the model could
have stationary points on its main path and both symmetric
and asymmetric bifurcation points under the application of a
vertical load. It has only three degrees of freedom at the
connecting node, which makes the study simple.

The resisting forces of the three springs are given as

The resistance of the nonlinear spring was so selected that it is
different in tension and compression when 5^0. This selected
resistance with nonzero 6 makes the resulting bifurcation path
in the #3 direction asymmetric. The nonlinear relation between
force and displacement of the third spring was selected as a
matter of preference within the conditions just stated.

The nondimensional equilibrium equations in each direction
of the coordinates can be expressed as

(2a)

(2b)

x 1+- (2c)

where

The magnitudes and dimensions of elements of the loading
pattern vector/ (/= 1-3) are selected so that/appearing in
the definition of p becomes a scalar representing loading in-
tensity. The governing equilibrium equations of the perfect
model can be obtained by setting x? = 0 (/ = 1-3) in £/ appear-
ing in Eqs. (2).

Basic Behavior of the Perfect Model
The classification of a critical point of a system, perfect or

imperfect, can be investigated through its tangential stiffness
matrix. The elements of the tangential stiffness matrix of the
model are given in the Appendix.

Considering the case that only a vertical force is applied,
Eqs. (2b) and (2c) are satisfied for a perfect model when
X2 = Xs = 0- The main path of the perfect model then can be
expressed as

P = 2(xi - i
(1 4-

X2 = Xs = 0 (3)

The main path of the perfect model is a function of /3 and
independent of 7 and 6. The eigenvalues and corresponding
unit eigenvectors of the tangential stiffness matrix along the
main path are given as

00> r

, d +
Kxi- i s

= < 0 10> r

(1 + g2)0-5

,= < 0 0 l > r

+ 7

(4a)

(4b)

(4c)

(4d)

(4e)

(4f)
The zero value of the first eigenvalue gives stationary points

since ~e\ •/ 5* 0, whereas those of the other two give bifurcation
points since ~e2 */ = £3 */ = 0» with bifurcation paths in the x2
and jc3 directions, respectively, as can be seen by the corre-
sponding eigenvectors.9 It is noted that all eigenvalues are
functions of 0 but independent of 6, and, in addition, that X3
is a function of 7 as well.

The nondimensional positions and loading intensities of the
stationary points on the main path can be obtained by equat-
ing Eq. (4a) to zero and substituting the obtained xf into Eq.
(3), resulting in

Xf = 0 ± [(1 +

= ±

- I]0'5 x? = X? = 0

3 - I]1 (5)

The model has bifurcation paths in the x2 direction on the
main path when X2 of Eq. (4c) is zero. Equating Eq. (4c) to
zero yields a cubic equation in terms of l/[(xi - 0)2 + 1]°5 as

1 - (1 + /32)0-5 (1 + /32)0-5

[(Xi-0)2

3.5r

if5 [(x.-0)2+i]'-5 = 0 (6)

2.5

o : stationary point
: bifurcation point with path

in x2 direction
A V.<3: bifurcation point with path

in x3 direction for-y^O.5,1.0 and 2.0

2.0 3.0

Fig. 2 Main equilibrium paths.
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It has positive real roots of xi only if 02 > 5.75. When
|82 = 5.75, the model has two bifurcation points that exist
before the first and after the second stationary points of the
main equilibrium path, respectively. The first bifurcation
point of these two is shown in Fig. 2 by the symbol D on the
path (/3 = V5.75), selecting the nondimensional loading inten-
sity and the nondimensional displaced position xi for vertical
and horizontal axes, respectively. For a larger 0, each bifurca-
tion point separates into two, and hence the model has four
bifurcation points. The first two of them are also shown by the
symbol D in Fig. 2 on the paths where j8>V5.75.

The nondimensional positions and loading intensities of the
bifurcation points corresponding to the bifurcation paths in
the x3 direction can be obtained by equating Eq. (4e) to zero
and substituting the obtained x? into Eq. (3) leading to

(7)

(2 + 7)

±y
i-47-72l°

(2 + 7)

These bifurcation points exist when xf and />f of Eq. (7) are
real, i.e., the term inside the bracket is positive or equal to
zero. This condition is satisfied for a given 0 if 7 < 2
[(1 + 02)0-5 - 1], and for a given 7 if 02 > 7 + 0.257

2. When the
equality condition holds, a bifurcation point in the x3 direction
appears. When the inequality condition holds, the point sepa-
rates into two bifurcation points. The first bifurcation point
coincides with the first stationary point when /?=[(!+ y/
2)3 _ ijo.s Different locations of these bifurcation points for
different /3 and 7 are shown in Fig. 2. If desired, the stationary
and the two bifurcation points with bifurcation paths in the x2
and x3 directions can be made to coincide with each other by
proper selection of /3 and 7. This state can be achieved when
& = V7 and 7 = 2 as can be seen in Fig. 2.

Noting that the tangential stiffness matrix of the perfect
model is always diagonal along the main path, the initial slope
of the bifurcation paths in the x2 and x3 directions depends on
the values of 32K2/dx2

2 and d2K3/dx3
2, respectively. Noting

/2 = /3 = 0, this is valid as long as the bifurcation point is a
distinct critical point and 82K2/dx2 and d2K3/dx2 are non-
zero, respectively.9 The values of 82K2/dx22 and 32K3/dx32 of
the perfect model are expressed as

'(X2-1) (X2 + 1)1
. V V J

+ 3(1 + 02)0'5 "(X2-1)3 , (X2+D 3

V V (8)

5(6X3)2 4(5X3)4

(9)

Noting that X2 = 0 and \ = \ on the main equilibrium path,
82K2/dx2

2 is equal to zero for any value of /3, which shows that
the bifurcation path in the x2 direction has zero initial slope.9
Since Eqs. (2) are even functions of X2 when/2 =/3 = 0, the
bifurcation path is symmetric. On the other hand, substituting
Eq. (7) into d2K3/dx3

2 yields 276 for any value of 0, which
shows that the bifurcation path in the x3 direction is generally
asymmetric when 6^0. For a given 7, the initial slope can be
varied by changing 6.9 However, even if 6 ̂  0, the initial slope
of the bifurcation path becomes equal to zero, when the
bifurcation point coincides with the stationary point of the
main equilibrium path.9 Since Eqs. (2) are not even functions

of xs for nonzero 6, the bifurcation path in the x3 direction is
asymmetric with zero initial slope. This definition is different
than that of Thompson and Hunt.1 When the initial slope is
zero, they defined the bifurcation as a symmetric bifurcation.

Optimization of Initial Imperfection for
the Lowest Carrying Capacity

The optimization for the lowest carrying capacity of the
model under a given norm of imperfections with the applica-
tion of a vertical load is formulated as

minimize p * (1 Oa)

subject to

A 5 = 0

[(X?)*]2 + + KxS)*]2 = r2 (lOb)

The unknowns of this optimization problem are (x?)*, x?» and
p*. Noting that all constraints are equality constraints, this
optimization can be solved by the method of Lagrange multi-
pliers.

For explanatory purposes of the preceding optimization for
a general system and for simplicity, representative equilibrium
paths of a two-degree-of-freedom perfect system and opti-
mum imperfect system for a given norm of imperfections are
shown in Fig. 3 by solid and dashed lines, respectively. The
critical points of the perfect system are marked by open dots,
whereas those of the optimum imperfect systems are marked
by solid dots. The same symbols for the critical points are used
in the subsequent figures. The chain line indicates the locus of
the optimum first critical points of all imperfect systems under
a given norm of imperfections. The optimum imperfect sys-
tems have their first critical points on the stationary points of
this chain line. These stationary points are marked by points a
to d. The initial positions of the imperfect system that lead to
the optimum solutions a to d are marked by a} to dj, respec-
tively.

For all the numerical examples, the equilibrium paths of the
perfect model were found by solving Eqs. (2) with x?=0
(i = 1-3). Parts of them are plotted by solid lines in the subse-
quent figures. Their critical points on the main paths were
found by solving Eqs. (5-7), whereas those on the bifurcation
paths were found by singularity of their tangential stiffness
matrices. If it is required, the equilibrium paths of optimum
imperfect models can be obtained by solving Eqs. (2) with the
obtained critical modes of imperfection (x?)* by the optimiza-
tion of Eqs. (10), and parts of them are plotted by dashed lines
in the subsequent figures.

Numerical Studies
General Instability Behavior

A numerical study was made on various values of /3, 7, and
6. All modes of the bifurcation and main paths at each critical
point were used to obtain initial guess solutions for the initial
imperfection and for the optimum position for optimization,
detail of which is given in the previous work by the authors.8

The equilibrium paths of perfect and optimum imperfect
models are plotted using the norm of nondimensional coordi-
nates (displacements) and the nondimensional loading inten-
sity as horizontal and vertical axes, respectively. This axis
system was also employed in the previous work of the authors8

as a representative two-dimensional presentation of the equi-
librium paths in (n +1) dimensional space. The loci of the
global optimum points for imperfect systems are plotted by
chain lines. If preferable for explanatory purposes, the loci of
other optimum critical points are plotted by thinner chain
lines, which are obtained if necessary by replacing X5 of Eq.
(10b) to an appropriate X, (/' = 1-3) of Eq. (4).
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Fig. 3 Equilibrium paths of two-degree-of-freedom perfect and opti-
mum imperfect systems.

P ends of equil. paths

-3.0 -2.0 -1.0 0.0 1.0 2.0 3.0

Fig. 4 Bifurcation path in xi direction.

The solutions of the optimization formulated by Eqs. (10)
are presented in the subsequent figures as the relation between
the nondimensional optimum loading intensity/?* vs the norm
of imperfection r. The solid and dashed lines indicate that
solutions are stationary and bifurcation points, respectively.

The use of the mode of a symmetric bifurcation path as the
initial guess solution for initial imperfection and for the opti-
mum position yields two mirror symmetric optimum solu-
tions, i.e., two solutions with the same loading intensities and
the same positions but with opposite signs for each component
of the latter. In the relation between p* and r, these two
optimum solutions coincide and are marked by "Sym" in the
subsequent figures. Using the mode of an asymmetric path
yields two nonmirror symmetric solutions. Different optimum
loading intensities indicate that they correspond to each side
of the path emanating from the bifurcation point. In the
subsequent figures, these two solutions are marked by
"Asym,," and "Asym^" representing the negative and posi-
tive sides of the asymmetric path in the x3 direction, respec-
tively. However, when 6 = 0, which gives a symmetric path, the
two coinciding solutions are marked by "Asym5." Using the
mode of the main path generally yields two solutions corre-
sponding to a smaller and a larger 0 with different optimum
loading intensities. They are marked in the subsequent figures
by "Main5" and "Main/' representing a smaller and a larger
/3, respectively. In these cases, the imperfect models have the
same shapes as the perfect one, but with different heights.
Example 1

As the first numerical example, the values of j8 and 7 were
selected to be 2.5 and 4.0, respectively. The latter was selected
to make the model bifurcating only in the x2 direction. The
aim of this example is to show the possibility that a continuous
equilibrium path terminates at a point in the (n + 1) dimen-
sional space and jumps to another point even when the geo-
metrical change of a system is continuous. If this happens,
special care is necessary to estimate an initial guess solution in
obtaining equilibrium solutions by an iterative process such as
the Newton-Raphson method.

The main equilibrium path of this three-spring model is
presented in Fig. 2. The bifurcation paths in the x2 direction
for the model with /3 = 2.5 are plotted in Fig. 4 using p and \2
as the vertical and horizontal axes, respectively. Two bifurca-
tion paths emanate at points C1 and C1 from the main path,
which coincides with the vertical axis. Figure 4 shows only the
paths with positive loading intensity, which is half of all the
bifurcation paths. The other half is mirror symmetric with
respect to the horizontal axis. Figure 4 shows that the bifurca-
tion path emanating from C2 terminates at points marked by
a and b. At these states, the connecting node of the springs
coincides with one of the supporting nodes. To maintain the
equilibrium when this node moves below the horizontal line
connecting the two supporting nodes, the resulting force of the
linear springs changes direction. This makes the bifurcation
paths from both a and b jump to the corresponding points on
the other mirror-symmetric side of the same paths.

Example 2
As the second numerical example, the model with 0 = 2,

7=1, and 6 = 2 was selected. The main aim of this example is
to show that, depending on which side of an asymmetric path
is used, optimum solutions of an imperfect system may con-
verge to different critical points of the perfect system when
norms of imperfections r approaches zero. Another aim is to
show a possibility that the locus of optimum solutions is not
necessarily continuous; it terminates at a point and then jumps
to a point away in the (n +1) dimensional space even when the
norm of initial imperfections is changed continuously.

The perfect model has one bifurcation point C1 with a
bifurcation path in the x$ direction before the first stationary
point C2 as shown in the right-hand side of Fig. 5. Figure 6 is
a replot of the right-hand side of Fig. 5 for explanatory
purposes, changing the horizontal axis into xs- The asymmet-
ric bifurcation path of the perfect model toward the positive
direction of xs has a stationary point marked by C11, while
that toward_the negative direction has two stationary points
marked by C12 and C13. Using the same mode of the bifurca-
tion path from C1 but with opposite signs for initial guess
solution, two optimum solutions were obtained, for which the
p* vs r relations are plotted with the marks Asym,, and Asymp
on the left-hand side of Fig. 5.

The optimum solutions of an imperfect model using the
mode of the bifurcation path toward positive xs direction
converge to C11 when r approaches zero, as can be seen in the
right-hand sides of Figs. 5 and 6. For all values of r, the
optimum solutions are stationary points. On the other hand,
the optimum_solutions for the mode in the opposite direction
converge to C1 when r approaches zero, as can be seen in the
right- and left-hand sides of Figs. 5 and 6, respectively. For a
smaller r, this equilibrium path of the optimum imperfect
modej has three stationary points corresponding to C1, C12,
and C13, respectively, as can be seen in the left-hand side of
Fig. 6 for r=0.08. For a larger /*, the two stationary points
corresponding to C1 and C12 approach each other and coincide
at r = 0.14, marked by a in Figs. 5 and 6. At this state, the two
stationary points become a saddle point. Then, this saddle

(Asynip),,
Asym.

Mail

c2

Fig. 5 Equilibrium paths and p *vs r of perfect model with loci of
optimum points.
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-1.5 -1.0 -0.5 0.0 0.5 1.0

Fig. 6 Equilibrium paths of perfect and optimum imperfect models.

point disappears when r reaches 0.27 marked by b in the same
figures. This behavior is shown in the left-hand side of Fig. 6
on the equilibrium paths of the optimum imperfect models
with r = 0.08, 0.14, and 0.27, respectively.

Because of this disappearance of the merged point corre-
sponding to C1 and C12, the locus of the optimum solutions
starting from C1 jumps from b to c at r = 0.27. From point c
onward, the optimum solutions become the points corre-
sponding to C13, which are stationary points. For a complex
structural system, detecting a similar jump itself would be a
difficult task. Nevertheless, when continuous optimum solu-
tions fail to converge all of a sudden, attention has to be paid
to this sort of jump as a possible cause. Similar to the first
example, to obtain optimum solutions after this sort of jump,
special care is necessary for the selection of an initial guess
solution. The estimation of an initial guess solution can be
made by tracing equilibrium paths of optimum structural sys-
tems and observing the behavior of singular points on the
paths with the norm at which the continuous optimum solu-
tions cease to exist and at the norms nearby such as shown by
dashed lines in the left-hand side of Fig. 6.

The fact that the optimum solutions using both sides of the
asymmetric bifurcation path of this model for an initial guess
solution converge to different critical points when r ap-
proaches zero indicates the existence of a discontinuity of the
locus of the optimum solutions at the first critical point at
Xs - 0. The optimum solutions corresponding to the main path
mode are expected to have a zero value of x§- Using both sides
of the main path at C1 as the modes for an initial guess
solution yields no optimum solution for a small value of r.
This seems to be due to the previously discussed discontinuity
at the first critical point at \3 = 0. The formulation of Eq. (10)
requires an optimum solution to be a stationary point of the
locus of the first critical point as explained for the locus in Fig.
2. They start to exist for a certain value of r when that
discontinuity disappears. This happens when the asymmetric
bifurcation point becomes the second critical point.

Using the mode of the main path for an initial guess solu-
tion, the optimum solution, for which the imperfect model has
a smaller /3, starts to exist at r «0.46, i.e., /3 of the imperfect
model« 1.54. This occurs because the asymmetric bifurcation
point C1 approaches the first stationary point C2 with decreas-
ing 0. It coincides with the stationary point when r «0.46 and
then becomes the second critical point for a larger r. Since the
stationary point becomes the first critical point for r>0.46,
the optimization using the mode of the stationary point, i.e.,
the mode of the main path, converges to optimum solutions.
On the other hand, the optimum solution, for which the
imperfect model has a larger /3, is expected to appear at
r «0.40, i.e., /3 of the imperfect model = V5.75 because of the
sudden appearance of a critical point before the bifurcation
point C1 with a bifurcation path in the x2 direction. This
makes the asymmetric bifurcation point become the second
critical point. This critical point, which appears by the change
of geometry due to initial imperfection at the loading free
initial state, is defined in this paper as a "hidden" critical
point. To obtain the optimum solutions corresponding to this
hidden critical point, the loading intensity and the mode of the

eigenvector of this critical point need to be used to obtain an
initial guess solution. More details of this hidden critical point
are given later in the fourth example.

Numerical results show that the optimum solutions using
the mode of this hidden critical point for an initial guess
solution appear not from r«0.40 but from r«0.184. The
presence of optimum solutions for r smaller than 0.40 is due to
the difference of /3 at which the hidden critical point appears
for imperfect systems when the symmetrically arranged
springs 1 and 2 are on an inclined plane compared to 0 =
V5.75 of the perfect system for which they are on the vertical
plane defined by the x\-x2 coordinates. The curve marked by
Sym in the left-hand side of Fig. 5 is made up of the optimum
solutions corresponding to the bifurcation path of this hidden
bifurcation point.

Reduction of Carrying Capacity by Optimization
The current practice of studying the effect of initial imper-

fection in reducing carrying capacity employs a fixed mode of
initial imperfection rather than performing optimization of
the mode as proposed by the authors.8 To check the difference
with and without optimization, the carrying capacities of the
third example were also evaluated by fixing the mode of initial
imperfection to the mode at the first critical point with an
asymmetric bifurcation path. The results are plotted by the
chain lines in the left-hand side of Fig. 5. It shows that the
current practice without optimization may overestimate the
carrying capacity of an imperfect system.

Example 3
The main aim of this example is a preparation to explain in

the fourth example one possible cause of extremely high im-
perfection sensitivity. Another aim is to show the possibility
that critical points present in a perfect system may disappear
when initial imperfection is present. This disappearance of
critical points causes a jump of location of optimum solutions
even for continuous change of norms of imperfections as
observed in the second example.

The value of g was selected to be 2.425. This value is slightly
larger than V5.75, which is the minimum j(3 for the model to
exhibit a bifurcation path in the x2 direction before the first

0.0 0.75 1.0

Fig. 7 Equilibrium paths and p * vs r of perfect and optimum imper-
fect models with loci of optimum points.

Main,

Fig. 8 Equilibrium paths and p * vs r of perfect and optimum imper-
fect models with loci of optimum points.
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stationary point is reached on the main path. The value of 7
was selected to be 4.0 to make the model bifurcate only in the
x2 direction.

The perfect model has symmetric bifurcation paths from
two bifurcation points C1 and C2 as shown in the right-hand
side of Fig. 7. The relations of p* vs r are plotted on the
left-hand side of the same figure. Using the modes of the main
and the bifurcation path at C1 for each initial guess solution,
four solutions were obtained, including two identical solutions
when plotted_in Fig. 7. The solutions using the main path
mode from C\ which gives a smaller ft, i.e., Main5, are
present from C1 to a and then jump to b where ft of the
corresponding imperfect model is equal to V5.75, which takes
place when r « 0.027. The reason for this jump is that, at this
state and at a larger r, the two bifurcation points C1 and C2

disappear, and hence the next critical point on the same equi-
librium path, which is the stationary point C3, becomes the
first critical point. For explanatory purposes, the equilibrium
paths of the optimum imperfect models for r= 0.70 are plot-
ted in the right-hand side of Fig. 7.

Example 4
The values of ft equal to 2.375 and y equal to 4.0 were

selected. The value of ft is slightly smaller than V5.75. The
perfect model has no bifurcation points before a stationary
point C1 is reached, as shown in the right-hand side of Fig. 8,
due to this selection of ft and 7.

The aim of this example is to show the possibility of having
a solution for which the critical mode of imperfection is en-
tirely different from any modes of the critical points of a
perfect system. A related but more important aim is to show
that the existence of this solution with entirely different modes
could be one of the causes of high imperfection sensitivity.
This solution exists when norms of initial imperfections exceed
a certain value. At this state, critical points equivalent to C1

and C/2 of the third example appear.
Four optimum solutions were obtained, for which thep* vs

r relations are plotted at the left-hand side of Fig. 8. Two
solutions among the four are identical in this plot. The solu-
tion using the main path mode, which gives a larger /3, i.e.,
Main^, is almost identical with those of Main5 for a small value
r, but it jumps to b when r « 0.023 .With r « 0.023, ft of the
imperfect model becomes equal to V5.75. At this state, a new
critical point, which is a bifurcation point with the path in the
x2 direction, appears. The appearance of this new critical point
is the reason for this jump, which is similar to the jumps
observed in the second and third examples. The appearance of
the bifurcation path in, the x2 direction indicates that there
must be an optimum solution corresponding to its mode.
Numerical results show that the solutions using the mode of
this bifurcation path for initial guess solution appear starting
not from r « 0.023 but from r « 0.004. The presence of opti-
mum solutions for r smaller than 0.023 is due to the same
reason explained in the second example. For explanatory pur-
poses, three equilibrium paths of optimum imperfect models
are plotted in the right-hand side of Fig. 8 for r- 0.25.

Observation in Examples 3 and 4
The results of the two examples presented in Figs. 7 and 8

show that there are cases where the behavior of an imperfect
system can be quite different from that of the perfect one even
for a very small norm of imperfections. When hidden critical
points exist, the system could be very sensitive to imperfec-
tion. The carrying capacities of the models for both examples
are not much different for the same given norm of imperfec-
tions. The reduction from the loading intensity of the first
critical point of the perfect model, however, is much larger in
the fourth example. This larger reduction and hence higher
imperfection sensitivity is due to the presence of the hidden
bifurcation points.

These examples show that, to study the imperfection sensi-
tivity of a system, tracing the equilibrium paths of the perfect

system and performing eigenvalue analysis are important and
necessary. The latter is necessary to detect all existing and
hidden critical points and to predict the possibility of the
disappearance of existing and the appearance of nonexisting
critical points. The possibility of both of them is illustrated in
Fig. 9 for the third and fourth examples. In Fig. 9, the first
and second eigenvalue curves evaluated at the displaced posi-
tions of the main paths are plotted together with the main
equilibrium paths by solid and dashed lines, respectively. The
existing critical points on the main path are marked by open
dots.

The possibility of the appearance and disappearance of the
critical points with bifurcation paths in the x2 direction can be
detected by observing the curves of X2. If it is not equal to but
close to zero, as can be seen for the fourth example, the
possibility of the appearance of hidden critical points is pre-
sent. On the other hand, the possibility of the disappearance
of critical points can be detected by observing X2 in the vicinity
of its zero value. If two zero values are closely located on the
same eigenvalue curve, as those of X2 for the third example,
the possibility of the disappearance of these critical points
exists even for a small value of the norm of imperfections.

To obtain the equilibrium paths emanating from the hidden
critical points of an imperfect system, the loading intenstity
and the mode of the eigenvector at the state, where the eigen-
value close to zero is the minimum, are to be used to estimate
initial guess solution.

Examples 5 to 7 __
Three numerical examples were analyzed with /3 = V5.75,

7=1.2, and 6 = 0, 1, and 8, respectively. The aim of these
examples is to show the relation between the shape of equi-
librium paths and the mode to be used for an initial guess
solution to obtain the critical mode of imperfections. The
equilibrium paths of the perfect model are shown on the
left-hand sides of Fig. 10 for each value of 6, respectively. The
main_ paths of all of them exhibit two bifurcation points, C1

and C/2, with the paths in the x2 and x3 directions, respectively,
before the first stationary point C3 is reached. Because of the
selected value of /3, two bifurcation paths emanate from the
distinct bifurcation point C1. They correspond to those ema-
nating from C1 and C2 of Fig. 4. The initial slope of the
bifurcation path in the ;c3 direction can be varied by giving a
different value of 5. This slope becomes zero when 6 = 0. On
the other hand, the symmetric bifurcation path in the x2 direc-
tion and the main path remain the same for any value of 6.

The p* vs r relations using the modes of all bifurcation
paths at C1 and C2 and the main path at C3 for an initial guess
solution are plotted on the right-hand side of Fig. 10 for 6 = 0,
1, and 8, respectively. When 6 = 0, using the main path mode
yields two different solutions, Main,, starting from C1, and
Main5 from C2. The latter is due to the disappearance of the
symmetric bifurcation point C1 since ft becomes less than
V5.75, hence C/2 becomes the first symmetric critical point.
Using those of the symmetric bifurcation paths in the x2 and x3
directions yields two mirror symmetric solutions for each
path. On the other hand, for nonzero 6, only the mode of

c3

Fig. 9 Eigenvalue curves and main equilibrium paths.
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Fig. 10 Equilibrium paths of perfect model and p * vs r relations.

main path that gives a larger /3 has a solution. The reason for
this is that the asymmetric bifurcation point remains to be the
second critical point for a larger /3, but it becomes the first
critical point for a smaller /3 because of the disappearance of
C1 and hence has no optimum solution as explained in the
second example. Using the mode of the asymmetric path yields
two different optimum solutions and that of the symmetric
path yields two mirror symmetric solutions. The optimum
solutions using the asymmetric path do not converge to the
same critical point when r approaches zero for the same reason
as the second example.

To give a better illustration of the relation between the
shape of equilibrium paths of the perfect model and the criti-
cal mode of imperfections, the crossing points of the curves in
the p* vs displacement and r relations of Fig. 10 are marked
by the same lowercase roman letters. The crossing points in
these two-dimensional presentations pf the equilibrium paths
are introduced for explanatory purposes. They are not the real
intersecting points of the curves, since they are the curves in
(n + l)-dimensional space.

Shape of Equilibrium Paths and Modes for the
Initial Guess Solution

The left-hand side of pig. 10 for 6 = 0 shows that the sym-
metric path from C1 is the lowest path for almost the entire
range from a(C}) to b. Comparing the left- and right-hand
sides of the figure, an almost similar tendency can be ob-
served. The lowest envelope in the right-hand side of Fig. 10 is
that using the mode of the bifurcation path from C1 for initial
guess solution from a to b.

The lowest path in the left-hand side of Fig. 10 for 6= 1 is
the bifurcation path from C1 from a(Cl) to b; then it _is
replaced by the bifurcation paths of the negative side of C2

from b to c. From c onward, the main path becomes the lowest
path. The right-hand side of the figure shows that the lowest
envelope from aCC1) to b is the solution using the mode of
bifurcation path from C1; then it is replaced by that using the
mode corresponding to the negative side of the bifurcation
path from C2 from b to c. From c onward, the solution using
the mode of the main path becomes the lowest envelope.

The left-hand side of Fig. 10 for 6 = 8 shows that the lowest
path is that of the bifurcation path from C1 for the very small
range from a(C!) to b, which can hardly be seen in the figure;
then it is replaced by that of the negative side of C2 for the
sjnall range from b to c. From c onward, the bifurcation path
C1 again becomes the lowest path. Similar correlation can be
observed in the right-hand side of the figure, where the lowest
envelopes from a to b, and_from b to c, and then c onward are
those using the mode of C1, C2, and again C1 for the initial
guess solution, respectively.

It is noted in the seventh example that the critical mode of
imperfection and hence imperfection sensitivity are related to
the steepness of the corresponding bifurcation path of the
perfect model in the load-displacement relation plotted with
the proposed axis system. In addition, the critical mode of
imperfection may correspond to the bifurcation path from trie
second critical point of the perfect model even for a small
norm of imperfections. This clearly shows that the study of
imperfection sensitivity should be made considering not only
the first critical point but also other critical points of a perfect
model as well.

Conclusions
Although the model used in this numerical study is simple,

it can exhibit a variety of behaviors related to elastic instability
by changing the three parameters included in the model. It is
a reasonably appropriate model to study bifurcation behaviors
of a perfect system as well as the related imperfection behav-
ior.

It was found through numerical study that an equilibrium
path of a nonlinear system may terminate at a point in the
(n + l)-dimensional space and jump to another point even
when the geometrical change of the system is continuous.
Similarly, the locus of optimum solutions of a nonlinear im-
perfect system, which gives the lowest carrying capacity for a
given norm of initial imperfections, may jump from one point
to a point away from the previous point even when norms of
imperfections are changed continuously. When a solution fails
to converge, attention has to be paid to these sorts of jumps as
a possible cause. If the aforementioned jumps occur, special
care is necessary to estimate an initial guess solution to be used
in an iterative process in obtaining equilibrium solutions or
optimum solutions.

The numerical study indicates that imperfection sensitivity
of a system is related not only to the paths emanating from the
first critical point but also to other critical points. The steep-
nesses of the bifurcation paths from the first and other critical
points also influence the imperfection sensitivity of a system.
The cases where the modes of bifurcation from other critical
points are more critical than that of the first critical point were
observed in the last numerical example and the reticulated
truss example of the previous work of the authors.8 The cur-
rent practice to consider only the first critical point for the
study of the effect of imperfection may lead to erroneous
results in some cases.

Considering critical points pther than the first is important
but not sufficient to study imperfection sensitivity. The behav-
ior of imperfect systems is much more complex. The critical
points that are not present on the equilibrium paths of a
perfect system may appear on those of the imperfect system.
This can be detected by checking the behavior of eigenvalues.
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If this is the case, the system could become extremely sensitive
to imperfection and failure behavior could change abruptly.
Such behavior cannot be detected if study is made paying
attention only to the modes of the first and a few neighboring
critical points of a perfect system.

The numerical study shows that the optimization is neces-
sary, as it may reduce the carrying capacity from the value
obtained by using a fixed mode of a path at a critical point as
the mode of initial imperfection.

Together with the conclusion made by the authors in the
previous work,8 the last three examples show the relationship
between the shape of equilibrium paths of the perfect model
and the initial guess solution to obtain the most influential
mode of imperfection, defined as the critical mode of imper-
fection. This relation can help to select an initial guess solution
to be tried and hence reduces the computational efforts in the
optimization procedure to obtain the critical mode of imper-
fection and its corresponding load-carrying capacity. The op-
timization needs to be performed using only, for an initial
guess solution, the modes of the paths at critical points of a
perfect system that form the lowest and nearby envelopes in
the two-dimensional presentation of the load-displacement
relation using the loading intensity and the norm of all dis-
placements as the vertical and horizontal axes, respectively,
excluding the main equilibrium path from the loading free
state up to the first critical point. When the possibility of the
appearance of hidden critical points is detected, the loading
intensities and the modes of the corresponding hidden critical
points are to be used to obtain an initial guess solution.

This study shows that, to study the imperfection sensitivity,
the analysis of the perfect system is important and necessary.
The analysis should include tracing the main and bifurcation
paths and evaluating the eigenvalues to detect existing and
hidden critical points.

Appendix: Elements of Tangential Stiffness Matrix

(Al)

(A2)

(A3)

(A5)

, .
(A6)
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